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Radial oscillations and gravitational wave echoes of strange stars in various equation of states
Jyatsnasree Bora∗ and Umananda Dev Goswami†
Department of Physics, Dibrugarh University, Dibrugarh 786004, Assam, India
We study the radial oscillations of non-rotating strange stars and their characteristic echo frequencies for
three Equation of States (EoSs), viz., MIT Bag model EoS, linear EoS and polytropic EoS. The frequencies
of radial oscillations of these compact stars are computed for these EoSs. 22 lowest radial frequencies for
each of these three EoSs have been computed. First, for each EoS, we have integrated Tolman-Oppenheimer-
Volkoff (TOV) equations numerically to calculate the radial and pressure perturbations of strange stars. Next,
the mass-radius relationships for these stars are obtained using these three EoSs. Then the radial frequencies
of oscillations for these EoSs are calculated. Further, the characteristic gravitational wave echo frequencies and
the repetition of echo frequencies of strange stars are computed for these EoSs. Our numerical results show
that the radial frequencies and also echo frequencies vastly depend on the model and on the value of the model
parameter. Our results also show that, the radial frequencies of strange stars are maximum for polytropic EoS
in comparison to MIT Bag model EoS and linear EoS. Moreover, strange stars with MIT Bag model EoS and
linear EoS are found to emit gravitational wave echoes. Whereas, strange stars with polytropic EoS are not
emitting gravitational wave echoes.
PACS numbers: 04.40.Dg,97.10.Sj
Keywords: Strange Star; Asteroseismology; Radial Oscillation; Gravitational Wave Echo.
I. INTRODUCTION
One of the most interesting areas of study in astrophysics and cosmology is the area of strange matter objects [1–3]. Various
authors have been working in this area for a long time, mostly trying to constrain mass and radius profiles of stars formed
from strange matter using different Equation of States (EoSs) [4–7], which are yet to be known exactly. The astrophysical
compact objects, which are entirely made of quark matter or strange matter (deconfined u, d, s quark matter), are known as
Strange Stars (SSs) [3, 8]. These compact stars with extremely high densities are unique probes to study the properties of matter
under extreme conditions. The study of such stars (i.e. SSs) is appeared as a subject of considerable interest over the last few
decades due to their unusual internal composition, structure and physical properties as compared to other compact objects, like
White Dwarf (WD) and Neutron Star (NS) [9]. An indirect approach to study such highly compact stars is the asteroseismology
[10]. By observing the radial and non-radial modes of oscillations of a star, one can reveal the stability condition, mass, radius,
composition, etc. of the star. Though the radial mode, where a regular change in shape and size of the oscillating body occurs,
is the simplest oscillation mode, yet it is a great tool for collecting information about the star. The very first study on such radial
mode of oscillations of compact stars were carried out by S. Chandrasekhar in 1964 [11, 12]. After that, radial modes have been
investigated for compact stars, like WD and NS for various nuclear matter EoSs by others [13–15]. In the paper [13], the radial
oscillations of zero-temperature degenerate stars (WD and NS) were calculated for the fundamental and first two excited modes.
Using the polytropic model EoS, P. Haensel et al. studied the pulsation properties of NS undergoing a phase transition to quark
matter [15]. For SSs, using the general relativistic pulsation equation, the eigenfrequencies of radial pulsations were calculated
by B. Datta et al. in 1992 [16]. They calculated the oscillation time periods also. The calculation of radial oscillations of SS and
NS for 2 lowest order oscillation modes were reported in [17]. In recent studies, G. Panotopoulos and I. Lopes computed radial
oscillation modes for SS admixed with dark matter [18, 19]. Study on the anisotropic SS in non-linear EoS was reported by I.
Lopes in [20]. The displacements in such radial oscillations can be describedmathematically by Sturm-Liouville type differential
equations, which yield discrete eigensolutions: the radial mode frequencies of the given model [10]. A new numerical algorithm
to solve Sturm-Liouville differential equations governing the radial oscillations of non-rotating SS (see Sec. III) is reported in
[21].
An interesting property of such ultracompact objects is that some of them can reflect or echo the Gravitational Waves (GWs)
signal [22, 23]. In 1978, Yu. G. Ignat’ev and A. V. Zakharov showed that GW can be reflected from sufficiently dense stellar
bodies [24]. They calculated the condition of reflection and reflection index for NSs. Recently more authors [25–28] have
reported the possibility of GW Echo (GWE) from the ultracompact objects formed in the merging of massive objects, like Black
Holes (BHs) and NSs. The echo signal originating from ultracompact star was first reported in [23]. For non-spinning, constant-
density stars they have calculated the characteristic echo frequency ≈ 72 Hz at 4.2σ significance level. Those ultracompact
massive post-merger objects formed in GW generation events, which feature a photon sphere can only echo the GWs or can trap
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2the GWs partially. The photon sphere is a surface over a massive star located at R = 3M , where R is the radius and M is the
mass of the star [29]. In photon sphere, circular photon orbits are possible and are featured by both BHs and ultracompact stars
[29]. Thus the emission of GWE takes place if and only if a star features a photon sphere and also it should be very compact,
close to the Buchdhal’s limit radius RB = 9M/4 [30]. Thus for GWE, the compactness of the final compact object should lie
in between 1/3 (to have a photon sphere) and 4/9 (to emit GWEs at a frequency of tens of Hertz) [23, 29]. In the recent GW
merging event GW170817, the nature of final supermassive stellar object formed is not clearly established [31]. Considering
this final supercompact object as a SS, M. Mannareli and F. Tonneli calculated the corresponding echo frequency using the MIT
Bag model EoS [29]. The authors have explained the reason for considering the final compact remnant as a SS in their paper.
For the considered model of SS with B1 = (145MeV)
4 and B2 = (185MeV)
4, they have calculated the echo frequency as
ω1,echo = 17 kHz and ω2,echo = 27 kHz.
Based on some possible evidences on the existence of SSs [32, 33], and also motivated by previous works mentioned above,
in this work we have examined the radial oscillation frequencies and GWE frequencies of SSs for three EoSs, viz., MIT Bag
model EoS, linear EoS and polytropic EoS. As the external properties of SSs crucially depend on EoSs, so the oscillation and
echo frequencies will be different for different EoSs. Thus the use of three EoSs in this study will enable us to compare the
results obtain from three EoSs, which may be useful to constraint these models in future from the observational data of SSs.
The rest of the paper is organized as follows: In Sec. II we have introduced the EoSs that are considered in this work. In
Sec. III, the equations governing the radial oscillations, i.e. the hydrostatic equilibrium Tolman-Oppenheimer-Volkoff (TOV)
equations are briefly summarized, and the equations for radial and pressure perturbations are discussed. In Sec. IV, a brief
discussion on GWE frequencies is made. The numerical results are given in Sec. V and finally we conclude the paper in Sec.
VI. In this work we consider the natural unit system, in which c = ~ = 1, i.e. all dimensionful quantities are measured in GeV.
Also we assume G = 1 and adopt the metric convention: (−, +, +, +).
II. EQUATION OF STATES
The physics of very high density matter, like SS matter is still not pretty clear till date. In order to construct a compact star’s
model, an EoS has to be specified, which is the relation between the pressure p and the energy density ρ. A definite EoS for a
compact object can give properties, like mass, the mass-radius relationship, the crust thickness, the cooling rate, etc. In most
of the studies on SSs, the most simple MIT Bag model EoS framework is used. As mentioned in the previous section, we have
considered three EoSs, viz., the MIT Bag model, linear and polytropic EoSs in order to describe SSs. These three EoSs can be
used to describe the structure of SSs in General Relativity (GR). The MIT Bag model EoS is the simplest EoS corresponding
to a relativistic gas of deconfined quarks with energy density [34], and in this model it is considered that a universal pressure,
known as the Bag constant, on the surface of any region containing quarks causes the quark confinement [35, 36]. According to
this model, the EoS of the strange matter has a simple linear form as given by
p =
1
3
(ρ− 4B), (1)
where ρ is the energy density, p is the isotropic pressure and B is the Bag constant. In our study we have considered three
values of B as (190MeV)4, (217MeV)4 and (243MeV)4. Such higher range values of B are chosen here in order to get highly
compact SS configurations. This model of hadron structure was presented in 1974 by Chodos [35, 37] and used by Witten [2] in
his calculation of SS mass-radius relation [38].
Besides the simple MIT Bag model EoS, Dey et al. in 1998 [39] developed another model for SSs, in which an interquark
vector potential and a density based scalar potential describe the quark interactions [36]. The interquark vector potential is
originated from gluon exchange and the density dependent scalar potential is used to restore chiral symmetry at a high density.
The EoS obtained from this model can be approximated to a linear form, known as the linear EoS, and is given as
p = b (ρ− ρs), (2)
where b and ρs are two model parameters, specifically ρs represents the surface energy density and b is a linear constant [40].
In particular, we have used three values of linear constant, which are b = 0.910, 0.918 and 0.926, and the corresponding values
of surface energy density ρs are taken in this study. With the same motivation as for the case of B we have chosen these three
values of b.
It is also possible to describe compact stars using polytropic EoS. Hence, in this work we have used also the following
polytropic EoS to investigate the behaviours of SSs in GR [41–45]:
p = k ρΓ, (3)
where k is the polytropic constant, Γ is the polytropic exponent with Γ = 1 + 1/n, n being the polytropic index. This EoS is
one of the primitive polytropic relation describing compact stars. It should be noted that a variation in polytropic index is closely
3related to different stellar structures. Here we have chosen three different values of polytropic exponent, viz., 1.5, 1.67 and 2 as
guess values to describe the structure of SSs. The polytropic constant k depends on central pressure and density of compact stars
[42]. Thus the choice of central density and central pressure highly influences the value of k. For Γ = 1.5, the exact solutions
for relativistic polytropes with a polytropic EoS have been found by Thirukkanesh and Ragel [43]. Their study shows that a
polytropic compact object with n = 2 (Γ = 1.5) is viable to experimental results. For Γ = 1.5 we have chosen k = 7.6× 1038
corresponding to a suitable central density and central pressure of SSs. This value of k is obtained by setting c = ~ = G = 1 and
using the relation: 1 GeV = 1MP /(1.22×10
19), whereMP is the Planck mass, which is taken as unity in this work. Values of k
for other two Γs are calculated accordingly. Thus, for Γ = 1.67 corresponding to n = 1.5, k = 0.05 fm8/3 ≈ 1.7×1051 is taken
[46]. We have chosen some higher value of Γ, i.e. Γ = 2 corresponding to n = 1 and k = 1.1× 10−4 fm3MeV−1 ≈ 4.6× 1077
[47]. As it is well known that compact stars, like neutron stars are best described for the polytropic exponent Γs lying in the
range of 2 and 3 [45, 47, 48]. So, in order to describe SSs we have chosen the lower value of polytropic exponent, i.e. Γ = 2
from this range. The value Γ = 1.67 is taken as intermediate value between 1.5 and 2 for the corresponding values of n.
Once the EoS of a star is known, the TOV equations can be integrated numerically to calculate the macroscopic features of
the star, such as its mass and radius.
III. RADIAL OSCILLATIONS OF STRANGE STARS
To study a relativistic star in GR one needs to solve first the Einstein’s field equations for a given spacetime metric. The
Einstein’s field equations in a compact form is given by
Gµν = Rµν −
1
2
gµνR = 8πTµν , (4)
whereGµν is the Einstein tensor, gµν is the metric tensor, Tµν is the energy-momentum tensor, Rµν is the Ricci tensor and R is
the Ricci scalar. For a spherically symmetric static system or stellar object, we have to use the Schwarzschild metric, given as
ds2 = − eχ(r)dt2 + eλ(r)dr2 + r2 dΩ2, (5)
where as usual t and r respectively represent the time and space coordinates and dΩ2 = dθ2 + sin2 θ dφ2; θ and φ are polar and
azimuthal angles. The metric parameters χ and λ are functions of r only and can be replaced by
e−χ = eλ =
1
1− 2M/r
, (6)
where M is the mass at the radius R of the star and r < R. In GR, when a star is in hydrostatic equilibrium then its interior
structure is described by the TOV equations [49, 50], which are derived by solving the Einstein’s Eqs. (4) for the Schwarzschild
metric (5). So, for simplicity if we neglect the rotation of the compact stellar objects, then the structure of such objects can be
obtained by solving the TOV equations, which are
dχ
dr
= −
2
ρ+ p
dp
dr
, (7)
dm
dr
= 4πρ r2, (8)
dp
dr
= − (ρ+ p)
(m
r2
+ 4πp r
)(
1−
2m
r
)−1
, (9)
where ρ = ǫ/c2 is the energy density, c being the speed of light in vacuum which is considered to be equal to unity in this work.
The set of hydrostatic equilibrium equations is an initial value problem and can be solved numerically. Now for some given
EoSs, the TOV Eqs. (8) and (9) are to be integrated with initial conditions : (i) mass at the center is zero, i.e. m(r = 0) = 0 and
(ii) pressure at the center becomes the central pressure, i.e. p(r = 0) = pc. Moreover, the radius of the star can be determined
by the fact that the energy density vanishes at the surface, i.e. ρ(r = R) = 0. At the surface of the star the mass can be given as
m(r = R) = M . And finally the metric term χ can be calculated from Eq. (7) using the boundary condition:
χ(R) = ln (1−
2M
R
). (10)
The solution of TOV equations for a particular star will give the information about the star and using these information the
asteroseismic behaviour of that star can be revealed.
4In 1964, S. Chandrasekhar for the first time established equations that govern the radial oscillations of a gas sphere in the
general relativistic framework taking into account of radial and pressure perturbations [11, 12]. Defining the dimensionless
variables ξ = ∆r/r and η = ∆p/p, where ∆r is the radial perturbation and ∆p is the corresponding Lagrangian perturbations
of the pressure, the Chandrasekhar’s equations of radial and pressure perturbations can be written as [11–13, 17, 18]
dξ
dr
= −
1
r
(
3ξ +
η
γ
)
−
dp
dr
ξ
p+ ρ
, (11)
dη
dr
= ξ
[
ω
2
r
(
1 +
ρ
p
)
e
λ−χ
−
dp
dr
4
p
− 8pi(p+ ρ) r eλ +
r
p (p+ ρ)
(
dp
dr
)2]
+ η
[
−
ρ
p (p+ ρ)
dp
dr
− 4pi(p+ ρ) r eλ
]
, (12)
where ω is the eigenfrequency of vibration and γ is the relativistic adiabatic index, which plays a significant role in the dynamical
stability of a star [13] and is given by
γ =
dp
dρ
(1 + ρ/p). (13)
This system of coupled first order differential Eqs. (11) and (12) contains singularities at the center and the surface. To solve
such system of equations we need two boundary conditions, one at the center as r → 0 and other at the surface of the star, i.e.
at r = R. As r → 0, the coefficient of 1/r in Eq. (11) must vanish. So the condition that must satisfy at the center or the first
boundary condition is
3 γ ξ + η = 0. (14)
The second boundary condition demands that as r → R, ρ → 0, p → 0 and dp/dr → 0. Again as p → 0, p/ρ → 0 and
ρ/p→∞. Therefore the coefficient of ρ/p in Eq. (12) must vanish as r → R. Thus using Eq. (9) in Eq. (12) from this condition
it can be found that
η = ξ
[
− 4 +
(
1−
2M
R
)−1(
−
M
R
−
ω2R3
M
)]
(15)
must be satisfied at the surface of the star. Here M and R are the mass and radius of the star respectively. These coupled
differential Eqs. (11) and (12) along with the boundary conditions Eqs. (14) and (15) form a two point boundary value problem
of the Sturm-Liouville type and has real eigenvalues ω20 < ω
2
1 < . . . < ω
2
n < . . ., where ωn are the eigenfrequencies of
oscillations, which have n nodes [51]. The n = 0 mode is called as the fundamental or f -mode. Since ω is real for ω2 > 0,
hence the solution is purely oscillatory in a stable state. But for ω2 < 0, the frequency ω becomes imaginary and it corresponds
to an exponentially growing unstable radial oscillations. We solved this couple differential equations by using shooting method
as described by G. Panotopoulus in [18]. First we have calculated the dimensionless quantity ω¯ = ω t0, where t0 = 1 ms and
then the frequencies are calculated by using the relation :
ν =
ω
2π
kHz. (16)
The frequency ν is allowed to take some particular values called the eigenvalues νn. Each values of νn corresponds to a specific
radial oscillation mode of the star. So it can be inferred that a radial oscillation mode of a star is associated with the eigenvalue
νn and the corresponding eigenfunctions ξn and ηn.
IV. GRAVITATIONAL WAVE ECHO FREQUENCIES FROM STRANGE STARS
The collapse of two massive objects lead to the formation of ultra-compact objects. The resulting compact object may be an
SS. If such stars fulfill some criterion, they can echo GWs. Considering the final object as an SS and featuring a photon sphere,
the typical echo frequency emitted can be calculated. As mentioned earlier, the surface of photon sphere is located at R = 3M
and the Buchdhal’s limit radius is R = 9M/4. Thus to emit GWE, the compact stellar object should have compactnessM/R
larger than 1/3 and smaller than 4/9.
To calculate the frequency of GWE, the TOV Eqs. (7) – (9) together with a EoS are to be solved. For this purpose we consider
the EoSs described in Sec. II. Among these EoSs, those equations are found to be useful which can mimic a star with larger
compactness. When the masses of SSs are sufficiently large, the gravitational pull becomes larger and will give a more compact
configuration. As we have mentioned earlier that only those compact stellar objects having compactness within the photon
sphere line and Buchdahl’s limit can emit GWEs, i.e. the mass-radius curves should cross the photon sphere line, but do not
approach the Buchdahl’s limit line. To check this criterion, EoSs given in Eqs. (1) – (3) are used in this study. In Fig. 1 the
5mass-radius curves for these EoSs are shown. Also the photon sphere limiting line, the Buchdahl’s limit line and black hole line
are shown in the figure. It is seen that the EoSs given by Eq. (1) and Eq. (2) with considered values of constants can only give the
required compactness and cross the photon sphere limit line. Whereas in the case of polytropic EoS, the last stable configuration
with largest mass is small and hence the compactness.
The typical GWE time can be given as the light time from the center of the astrophysical object to the photon sphere [23, 29],
τecho =
∫ 3M
0
1√
eχ(r)(1 − 2m(r)/r)
dr. (17)
The terms m(r) and χ(r) can be evaluated by solving Eqs. (7) – (9) for EoS models considered. Using this relation for the
characteristic echo time, the GWE frequency can be calculated from the relation ωecho = π/τecho [52] and the corresponding
repetition frequency of the echo signal can be calculated using the relation ωrepetion = 1/(2 τecho). The results obtained for
these EoSs are discussed in Sec. V.
V. NUMERICAL RESULTS AND DISCUSSION
As described above, in this study we have computed radial frequencies of 22 lowest order radial oscillation modes and GWE
frequencies of different SSs. For the typical SS models considered here, we have chosen maximummasses of SSs,M ≤ 3.3M⊙
and radii R ≤ 14 km. The behaviour of such stars is different from other compact stars and this can be visualized by observing
their mass-radius relationships. As already mentioned in the last section, in Fig. 1 we have plotted the mass-radius relationships
for the EoSs described in Sec. II. The mass-radius relation for SSs in polytropic EoS is following a pattern somewhat different
from the other two EoSs. It is because, such EoS will give stars with smaller value of compactness. In the following subsections
we discuss our numerical results on radial oscillation frequencies and GWEs.
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FIG. 1: Mass-radius relationships of various SSs for the MIT Bag model EoS, linear EoS and polytropic EoS showing photon sphere limit,
Buchdahl’s limit and black hole limit lines. Here EoS1 represents the MIT bag model EoS with B = (190MeV)4, EoS2 is for the linear EoS
with b = 0.910, and the polytropic EoS with Γ = 2 is denoted as EoS3. Although this figure is plotted for one model parameter of each EoS,
the patterns of this figure are applicable to all chosen parameters of the corresponding EoSs.
A. Radial oscillation frequencies of SSs
As mentioned in Sec. III, the radial and pressure perturbation Eqs. (11) and (12) are the coupled differential equations of
Sturm-Liouville type whose eigenvalue solutions give the various modes of oscillations, e.g. for n = 0, we get the fundamental
mode, for n = 1 the first overtone or the pressure p1 mode, for n = 2 the second overtone or the p2 mode and so on. The
displacement and pressure perturbation variables ξ(r) and η(r) obtained respectively from the solutions of these equations are
plotted for various modes, mainly for lower order (n = 0, 1, 2) modes and for higher order (n = 20, 22) modes, against the
distance r (in km) from the center of SS. Figs. 2, 3 and 4 correspond to the plots of the pressure perturbations with respect
to distance from the center of the star for various modes oscillations for MIT Bag model EoS, linear EoS and polytropic EoS
respectively. For these models, the pressure perturbations ηn(r) are larger near the center and near the surface of the star.
However ηn(r) is slightly smaller near the surface of the stars with these EoSs. The values of pressure perturbations are found
6to vary from model to model. Also, for a certain model with different model parameters significant variations are noticed in
pressure perturbations.
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FIG. 2: Behaviours of pressure perturbation parameter η(r) as a function of distance from the center of SS for different modes of oscillations
obtained from the numerical solution of Eq. (12) using the MIT Bag Model EoS. Left plot is with Bag constant B = (190MeV)4 for both
low order modes n = 0, 1, 2 and highly excited modes n = 20, 22. The other two plots are with three Bag constants, viz., B = (190MeV)4,
(217MeV)4 and (243MeV)4 for f -mode (middle panel) and p22-mode (right panel) of oscillations respectively.
For the MIT Bag model with B = (190MeV)
4
, the variations of ηn(r) with respect to r for all said modes are shown in the
left plot of Fig. 2. The dependence of ηn(r) on Bag constant B is shown in other two plots of this figure. It is seen that for
both lower (middle plot of Fig. 2) and higher (right plot of Fig. 2) order modes, the pressure perturbations varies noticeably with
B. As different values of Bag constant of MIT Bag model will represent different stars, so the pressure perturbation along the
radius of the star will be different for different Bag constants. The Bag model corresponding to B = (190MeV)4 is giving a
star with the maximum radius than other two values of B. The values of pressure perturbations ηn(r) for MIT Bag model with
B = (190MeV)
4
, (217MeV)
4
and (243MeV)
4
are almost same near the center of the star. But at the surface of the star values
of ηn(r) are found to be different slightly as the radius of the star is different with these three different values of B.
As mentioned above, in Fig. 3 pressure perturbations for linear EoS are plotted against the radial distance of the star. In the
left plot of this figure the perturbations obtained by using the linear constant b = 0.910 are shown for five modes, three of them
are lowest order modes and two are highest order modes as in the earlier case. The perturbations are larger near the center and
surface of the star. In the middle and right plots of Fig. 3 lower and higher order modes are drawn respectively for three values
of linear constants, viz., b = 0.910, 0.918 and 0.926. It is seen that for the linear EoS with these three constants all modes of
perturbations in pressure are almost same from center to near the surface of the star. The highest value of b, i.e. 0.926 considered
here corresponds to the star with maximum radius and the lowest value b = 0.910 gives star of minimum radius.
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FIG. 3: Behaviours of pressure perturbation parameter η(r) as a function of distance from the center of SS for different modes of oscillations
obtained from the numerical solution of Eq. (12) using the linear EoS. The first plot is with linear constant b = 0.910 for both low order modes
n = 0, 1, 2 and highly excited modes n = 20, 22, and the last two plots are for f -mode and p22-mode of oscillations respectively with linear
constants b = 0.910, 0.918 and 0.926.
For polytropic EoS, the variation of pressure perturbations ηn(r) along the radial distance r of the star is shown in Fig. 4 as
mentioned earlier. Similar to the cases of linear EoS and MIT Bag model EoS, the perturbations at the surface of the star are
nearly equal (but not exactly) to the values near the center of the star. In the left plot of the figure the perturbed pressures are
shown for three lower order modes and two higher order modes as in the cases of other EoSs. The middle and the right plots
are to show the variation of η(r) with Γ. For all these modes the perturbations are found to follow the same rule: larger near the
center and near the surface of the star. For the three values of Γ considered here, the variation in ηn(r) with radius is following
7the same pattern and the largest Γ gives the star with smallest radius.
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FIG. 4: Behaviours of pressure perturbation parameter η(r) as function of radial distance of SS for low order oscillation modes n = 0, 1, 2
and highly excited modes n = 20, 22 obtained from the numerical solution of Eq. (12) using polytropic EoS for Γ = 1.67 [left plot]. Same
for f -mode [middle plot] and p22-mode [right plot] with different values of polytropic exponent Γ.
The radial perturbations of SSs with respect to radial distance obtained from the numerical solution of Eq. (11) using different
EoSs are shown in Fig. 5, 6 and 7. Unlike the variation of pressure perturbations, which are larger near the center of the star and
also near the surface of the star, radial perturbations are maximum near the center of the star only. That is the radial perturbations
gradually decrease with along the radial distance and become minimum near the surface of the star. For MIT Bag model with
B = (190MeV)
4
, the variation of ξn(r) with r is shown in the left plot of Fig. 5. The other two plots of this figure are to show
how these radial perturbations depend on the Bag constants. In the middle plot the dependence of low order oscillation modes
on B is shown and in the right plot it is shown for higher order modes. The low value of B corresponds the maximum radius as
clear from the middle and right plots of the figure.
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FIG. 5: Behaviours of radial perturbation parameter ξ(r) as a function of distance from the center of SS for different modes of oscillations
obtained from the numerical solution of Eq. (11) using the MIT Bag Model EoS. First plot is with Bag constant B = (190MeV)4 for both
low order modes n = 0, 1, 2 and highly excited modes n = 20, 22, and the other two plots are for f -mode and p22-mode of oscillations
respectively with three values of B = (190MeV)4, (217MeV)4 and (243MeV)4.
Same study is made for the linear EoS with three different linear constants as earlier, which is represented in Fig. 6. It is
already seen that stars given by different linear constants have slightly varying radii. The variation of ξn(r) for different b is
found to be smaller than the variation of ξn(r) for stars (i.e. for different B) represented by MIT Bag models. In the left plot
different modes of ξ(r) is plotted against radial distance of the star for b = 0.910. The middle and the right plots of this figure
correspond to the variation of ξn(r) with different values of b for low order modes and higher order modes respectively. As in
the case of pressure perturbations, the radial perturbations also show that for the star with b = 0.926 will have larger radius (but
slightly) and hence has maximum perturbation than the other two values of b.
For polytropic EoS, with polytropic indexΓ = 1.5, 1.67 and 2 the radial perturbations ξn(r) are plotted for different oscillation
modes of the star in Fig. 7. As in the case of other EoSs, for this model, ξ(r) is maximum near the center of the star and minimum
near the surface. The middle and right plot of this figure show the variation of ξn(r) with different Γ values. We have seen that
ξn(r) vary significantly with Γ, specially in low order modes.
As a comparative analysis of the predictions of all three models considered in this work, we have shown the variation of
pressure and radial perturbations for these three model EoSs in Fig. 8 and Fig.9 respectively. In the left plot of Fig. 8 the
comparison of variation of f -mode of pressure perturbations with the star radial distance is represented. The right plot of this
figure is shown the same for the p22 oscillation mode of the star. As clear from this figure, the linear EoS is predicting a star
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FIG. 6: Behaviours of radial perturbation parameter ξ(r) as a function of distance from the center of SS for different modes of oscillations
obtained from the numerical solution of Eq. (11) using the linear EoS. The first plot is with b = 0.910 for both low order modes n = 0, 1, 2
and highly excited modes n = 20, 22, and the last two plots are with b = 0.910, 0.918 and 0.926 for f -mode and p22-mode of oscillations
respectively.
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FIG. 7: Behaviours of radial perturbation parameter η(r) as a function of radial distance of SS for low order oscillation modes n = 0, 1, 2 and
highly excited modes n = 20, 22 obtained from the numerical solution of Eq. (11) using polytropic EoS for Γ = 1.67 [left plot]. Same for
f -mode [middle plot] and p22-mode [right plot] with various polytropic exponent Γ values.
of smallest radius. For all these three EoSs, the pattern of variation of ηn(r) is same, maximum near the center and near the
surface of the star. In Fig. 9, the radial perturbations are compared for these three different pressure-energy density relations. In
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FIG. 8: Variation of pressure perturbation parameter η(r) with radial distance of SS for three EoSs. The left plot is for the f -mode and the
other plot is for the p22-mode.
the left plot the results of f -mode and in the right plot the results of p22-mode are compared. Unlike the pressure perturbations,
the radial perturbation values are found to maximum near the center of each stars and are found to follow the same pattern in all
EoSs. In this case also the linear EoS gives the star with the smallest radius.
Table I shows all calculated radial oscillation frequencies of such stars for the aforementioned EoSs obtained by using all
three chosen constant parameters in each EoS. Here the oscillation frequencies of respective 22 modes from the f -mode (in
order n) are given in kHz. It is seen that for the MIT bag model EoS and the polytropic EoS, the oscillation frequencies of all
modes increase with the increasing values of constant parameters, while the situation is opposite in the case of linear EoS. Thus,
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FIG. 9: Variation of radial perturbation parameter ξ(r) with radial distance of SS for three EoSs. The left plot is for the f -mode and the right
plot is for the p22-mode.
individually frequencies are maximum for B = (243MeV)4 of MIT Bag model EoS, for b = 0.910 of linear EoS and for Γ = 2
of polytropic EoS. But, among these EoSs polytropic EoS with Γ = 2 gives highest maximum frequencies of radial oscillations.
Moreover, for the purpose of visualization we have shown in Fig. 10 the graphical representation of comparison of maximum
radial oscillation frequencies obtained for each EoSs with the said respective constant parameters. This table as well as figure
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FIG. 10: Comparative variation of radial oscillation frequencies νn with respect to oscillation modes (n) for the MIT Bag model EoS (black
point) with B = (243MeV)4, linear EoS (blue points) with b = 0.910 and polytropic EoS (red points) with Γ = 2. These are maximum
frequencies for each mode given by these EoSs for these respective constant parameters.
show that, with increasing number of modes, the values of radial oscillation frequencies are getting larger. From the table it is
also clear that in case of the maximum radial oscillation frequencies, the frequency differences between consecutive modes are
larger for the polytropic EoS than that for the linear and MIT Bag model EoSs. Otherwise, the linear EoS gives wider frequency
differences. In all cases, the MIT Bag model EoS gives the smallest difference between frequencies. The details about all these
behaviours of radial oscillation frequencies in each EoS are discussed as follows.
The dependence of radial oscillation frequencies on the model parameters in terms of frequency difference between consec-
utive modes is shown in Fig. 11 and 12. These figures are for frequency differences with respect to oscillation frequencies
in considered EoSs. For MIT Bag model EoS, with three values of Bag constants, viz., B = (190MeV)4, (217MeV)4 and
(243MeV)4, the dependence of frequencies is shown in the left plot of Fig. 11. The highest limiting value of Bag constant
B = (243MeV)4 is giving the larger values of oscillation frequency differences. Whereas for B = (190MeV)4, the frequency
differences are found to be much smaller than that for the two other values. This indicates that when the values of Bag constant
B increases, the radial oscillation frequency difference between two consecutive modes rises significantly. Again, for each value
of constant B, the separation between two consecutive modes decreases towards higher order modes. Thus this separation is
maximum for the f -mode, followed by lower order p-modes. For values of B lying in between (190MeV)4 and (243MeV)4,
the intermediate values of the oscillation frequencies are acquired. Similar behaviours of oscillation frequencies are obtained
for linear EoS with three values of linear constants: b = 0.910, b = 0.918 and b = 0.926, which is shown in the middle plot of
Fig. 11. However, in this case for the larger value of linear constant, i.e. for b = 0.926, the frequency differences are found to
be smaller than that for the other two smaller values of b. For the lowest value of b, i.e. for b = 0.910, we get highest values of
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TABLE I: Radial oscillation frequencies νn in kHz for three EoSs. Rows under each EoS are for smaller to bigger values of respective constant
parameter. These are B = (190MeV)4, (217MeV)4 and (243MeV)4 for the MIT Bag model EoS; b = 0.910, 0.918 and 0.926 for the linear
EoS; and Γ = 1.5, 1.67 and 2 for the polytropic EoS.
Modes (Order n) MIT Bag model EoS Linear EoS Polytropic EoS
f (0) 5.08 6.58 8.27 11.44 10.86 10.28 1.57 4.71 8.73
p1 (1) 9.88 12.79 16.08 18.85 17.98 17.12 9.26 12.48 19.28
p2 (2) 14.08 18.24 22.93 25.88 24.72 23.57 14.56 18.84 28.85
p3 (3) 18.15 23.50 29.54 32.78 31.34 29.89 19.57 24.90 38.15
p4 (4) 22.16 28.70 36.08 39.63 37.90 36.16 24.46 30.99 47.37
p5 (5) 26.15 33.87 42.58 46.45 44.43 42.41 29.27 37.25 56.63
p6 (6) 30.14 39.04 49.07 53.26 50.96 48.65 34.05 43.64 65.99
p7 (7) 34.12 44.19 55.55 60.07 57.47 54.88 38.81 50.13 75.44
p8 (8) 38.10 49.35 62.03 66.88 63.99 61.11 43.57 56.68 84.98
p9 (9) 42.09 54.51 68.52 73.90 70.51 67.35 48.36 63.26 94.59
p10 (10) 46.07 59.67 75.00 80.50 77.04 73.58 53.18 69.87 104.26
p11 (11) 50.05 64.83 81.49 87.31 83.57 79.82 58.02 76.48 113.96
p12 (12) 54.04 69.99 87.97 94.13 90.10 86.07 62.89 83.11 123.69
p13 (13) 58.02 75.15 94.46 100.95 96.63 92.32 67.77 89.75 133.44
p14 (14) 62.01 80.32 100.95 107.78 103.17 98.57 72.68 96.39 143.20
p15 (15) 66.00 85.48 107.44 114.61 109.71 104.82 77.60 103.03 152.98
p16 (16) 69.98 90.64 113.93 121.44 116.26 111.08 82.52 109.68 162.77
p17 (17) 73.97 95.81 120.42 128.28 122.81 117.34 87.46 116.32 172.57
p18 (18) 77.96 100.97 126.91 135.12 129.36 123.61 92.40 122.91 182.38
p19 (19) 81.95 106.14 133.41 141.96 135.91 129.87 97.35 129.62 191.46
p20 (20) 85.94 111.30 139.90 148.80 142.27 136.14 102.30 136.29 202.00
p21 (21) 89.92 116.47 146.39 155.65 149.03 142.41 106.80 142.92 211.82
p22 (22) 93.91 121.64 152.89 162.50 155.59 148.68 111.66 149.60 221.64
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FIG. 11: Variation of radial oscillation frequency differences between consecutive modes with the mode frequency νn for the (a) MIT Bag
Model EoS [left plot], (b) linear EoS [middle plot] and (c) polytropic EoS [right plot].
frequency differences and b = 0.918 gives the intermediate values. For each values of b considered here, the separation between
the consecutive modes is maximum for f -mode and is gradually getting smaller for higher order modes. Same study is made
for the polytropic EoS with polytropic exponent 1.5, 1.67 and 2, which are shown in the right plot of Fig. 11. Among these
considered values of polytropic exponent, we have obtained maximum oscillation frequency differences for Γ = 2. Similar to
the other EoSs, for this model also the frequency differences are getting smaller for higher order modes. However for Γ = 1.67
a slight variation in the pattern is observed than that for the other two considered values. Like MIT Bag model EoS, for this
EoS also, we have obtained that, larger is the value of Γ higher is the oscillation frequency differences. In Fig. 12, a comparison
between these EoSs are made. The frequency differences for linear and MIT Bag model EoSs are decreasing gradually with
increasing frequencies. For polytropic EoS, the pattern is slightly distorted as shown in figure. Maximum values of frequency
differences are observed for polytropic EoS with Γ = 2, whereas minimum differences are observed for MIT Bag model EoS
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FIG. 12: Comparison of frequency differences between consecutive modes with respect to the mode frequency for all three EoSs with the
model parameters for which respective EoSs are giving maximum oscillation frequencies.
with B = (243MeV)4 but these are comparable to that of linear EoS with b = 0.910. Thus it is clear that, the radial oscillation
frequencies of SSs crucially depend on the model and the model parameters used.
B. GWE frequencies of SSs
The GWE frequencies of different SS models are given in Table II. The possible SS models which fulfill the criterion for
emitting GWE frequencies, i.e. featuring a photon sphere and the radius not exceeding the Buchdahl’s limit radius are shown in
Fig. 1. So, the EoSs are chosen in order to obtain maximummass ranges of the stellar configuration. Along with the two models
as shown in the Fig. 1, which have the required compactness, we have chosen four other EoSs by varying the model parameter
of MIT Bag model and linear EoS. For MIT Bag model [Eq. (1)] with B = (190MeV)
4
, (217MeV)
4
and (243MeV)
4
, and
linear EoS [Eq. (2)] with b = 0.910, 0.918 and 0.926, the compactness within the range of 0.33 to 0.44 can be obtained. So we
have calculated GWE frequencies in these models.
Here we report the GWE frequencies obtained for three values of Bag constantB: (190MeV)4, (217MeV)4 and (243MeV)4
and three values of linear constant b: 0.910, 0.918 and 0.926. These considered EoSs lead to different types of SSs with varying
maximummasses. For MIT Bag model, the maximummasses areMmax ≈ 3.29M⊙ withB = (190MeV)
4,Mmax ≈ 2.54M⊙
with B = (217MeV)4 and Mmax ≈ 2.02M⊙ with B = (243MeV)
4. The linear EoS leads to maximum masses Mmax ≈
1.77M⊙ for b = 0.910, Mmax ≈ 1.84M⊙ for b = 0.918 and Mmax ≈ 1.92M⊙ for b = 0.926. Thus, it is seen that with
the increasing value of B of MIT Bag model EoS, the maximum mass of SS decreases, whereas it increases with the increasing
value of b of linear EoS. Our result shows that the GWE frequency increases with increase in values of Bag constant B. For
B = (190MeV)
4
, the GWE frequency is ωMIT, echo = 39.91 kHz which is much smaller than the values corresponding to
B = (217MeV)
4
and (243MeV)
4
, which also show a large difference (∼ 13.28 kHz). Thus GWE frequencies for these SS
models show a large variation in their values. For linear EoSs, with b = 0.910, maximum echo frequency of 72.90 kHz is
observed. For b = 0.918, the echo frequency is ≈ 67.42 kHz, which is near to the value of ωMIT, echo with B = (243MeV)
4
.
The echo frequency for polytropic EoS is not observed as the required compact SSs are not found for such type of EoSs. Along
TABLE II: GWE frequencies in kHz from SSs for three EoSs with different model parameters.
EoSs Model Echo GWE GWE
Parameter time (ms) Frequency (kHz) Repetition Frequency (kHz)
.
MIT Bag model
B = (190MeV)4 0.078 39.91 6.35
B = (217MeV)4 0.060 51.70 8.23
B = (243MeV)4 0.048 64.98 10.34
Linear EoS
b = 0.910 0.043 72.90 11.60
b = 0.918 0.044 70.21 11.18
b = 0.926 0.046 67.42 10.73
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with the characteristic echo frequencies the repetition frequencies of GWEs are also calculated (shown in Table II ). The repition
frequencies are found to be very smaller than the GWE frequencies and they are following the same pattern as the corresponding
echo frequencies.
VI. SUMMARY AND CONCLUSIONS
In the first part of this study, we have computed frequencies of 22 lowest radial oscillation modes and in the second part,
we have computed the echo frequencies of SSs considering that the fluid pressure follows certain EoSs. Considering isotropic
configuration of strange matter, we have integrated the TOV equations in general relativistic case numerically to get the values
of mass, radius of the star and the metric term. For the defined pressure-energy density relations, we have obtained different SS
configurations. After that, the radial and pressure perturbation equations respectively in ξ = ∆r/r and η = ∆p/p are solved
for the eigenfrequencies. To calculate echo frequencies those stars are chosen which can echo GWs by requiring the condition
for compactness. The typical echo time is then calculated and the characteristic GWE frequencies along with the repetition
frequencies are determined for linear and MIT Bag model EoSs.
In this study of radial oscillation modes of SSs, we have calculated the respective f -mode and p-modes of oscillation frequen-
cies associated with different SSs. The characteristic echo frequencies and the respective repetition of the echo frequencies are
also calculated for SSs. Table I and Table II summarize the results of the work. From the numerical results we can summarize
our work as follows.
The amplitude of radial perturbations ξn(r) is larger closer to the center and much smaller near the surface for all the three
EoSs. For all mode of frequencies the maximum amplitude of ξn(r) is same. The pressure perturbation ηn(r) is larger closer to
the center and near the surface of the star for MIT Bag model, linear EoS and polytropic EoS. The values of ξn(r) and ηn(r) are
differing from model to model and also for parameters of the models.
Polytropic EoS gives the largest value of radial frequencies among the three EoSs. MIT Bag model and linear EoSs have
nearer values of radial frequencies. With increasing modes, the frequencies also increases. The separation between two con-
secutive oscillation modes decreases with the increase in frequency or mode for all three EoSs. However, this effect is less
pronounced for higher order modes. Moreover, the frequency differences for polytropic EoS have shown a slight distortion.
Further, the magnitude of this frequency separation depends upon the EoS as well as on the associated model parameter. Among
all three EoSs the polytropic EoS with Γ = 2 gives the maximum separation. Thus from these results, it is clear that oscillation
frequencies show high dependency on model and model parameters.
In case of GWE frequency not all EoSs are able to emit echo. Those EoSs which give stellar configuration with much
higher compactness are able to give echo frequencies. The echo frequency obtained for MIT bag model and linear EoSs show a
distinct variation in their values depending on the model parameters. Thus it can be said that, the calculated characteristic echo
frequencies as well as repetition frequencies changes with model and model parameters.
The existence of SS has not based on firm footing till now, despite of the possible evidences of SS candidates. As mentioned
in above sections, the structure of SS crucially depends on the EoS. Considering some relevant EoSs for such stars one will get
different SS configurations. The knowledge of possible SS configurations will help in searching such compact stars. Again from
the reflected GWE signal it is also possible to say about the structural behavior of such stars. The prediction of echo signal
will get its firm foundation by the experimental detection of such signal using some future generation of GW detectors. Such
observational and experimental evidences of GW detection will definitely shed more lights in this area of research in near future.
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